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Concepts Covered

• Weighted Residual Methods
• Galerkin Formulations
• Petrov‐Galerkin Method
• Least Square Method
• Collocation Method
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Concepts Covered

• Example Problem
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Example:
െ

𝑑ଶ𝑢
𝑑𝑥ଶ െ 𝑢 ൅ 𝑥ଶ ൌ 0 0 ൏ 𝑥 ൏ 1 𝑢 0 ൌ 0

𝑑𝑢
𝑑𝑥ቤ

௫ୀଵ
ൌ 𝑢′ 1 ൌ 1Solve:

𝑢ா௫௔௖௧ 𝑥 ൌ
2 cos 1 െ 𝑥 െ sin 𝑥

cos 1 ൅ 𝑥ଶ െ 2

𝑢 𝑥 ൌ ෍ 𝑐௝𝜙௝

௡

௝ୀଵ

൅ 𝜙଴

Exact Solution:

n Parameter Approximation:

𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴2 Parameter Approximation:

Dirichlet’s BC Neumann’s BC
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Example:
𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴2 Parameter Approximation:

Rayleigh Ritz Approximation:

𝐵 𝑤, 𝑢 ൌ 𝑙 𝑤 ⟹ න
𝑑𝑤
𝑑𝑥

𝑑𝑢
𝑑𝑥 െ 𝑤𝑢 𝑑𝑥

ଵ

଴
ൌ െ න 𝑤𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝑤 1Weak Form:

𝜙଴ ൌ 0 𝜙ଵ ൌ 𝑥 𝜙ଶ ൌ 𝑥ଶ 𝑢 𝑥 ൌ 𝑐ଵ𝑥 ൅ 𝑐ଶ𝑥ଶ

න
𝑑𝜙ଵ
𝑑𝑥 𝑐ଵ

𝑑𝜙ଵ
𝑑𝑥 ൅ 𝑐ଶ

𝑑𝜙ଶ
𝑑𝑥 െ 𝜙ଵ 𝑐ଵ𝑥 ൅ 𝑐ଶ𝑥ଶ 𝑑𝑥

ଵ

଴
ൌ െ න 𝜙ଵ𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝜙ଵ 1

න
𝑑𝜙ଶ
𝑑𝑥 𝑐ଵ

𝑑𝜙ଵ
𝑑𝑥 ൅ 𝑐ଶ

𝑑𝜙ଶ
𝑑𝑥 െ 𝜙ଶ 𝑐ଵ𝑥 ൅ 𝑐ଶ𝑥ଶ 𝑑𝑥

ଵ

଴
ൌ െ න 𝜙ଶ𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝜙ଶ 1

𝑤 𝑥 ൌ 𝑥 𝑤 𝑥 ൌ 𝑥ଶ𝑤 𝑥 ൌ 𝜙௜

𝑢 0 ൌ 0 𝑢′ 1 ൌ 1
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Example:
𝑐ଵ ൌ 1.2905 

𝑐ଶ ൌ −0.1511  ⇐
න

𝑑𝜙ଵ
𝑑𝑥 𝑐ଵ

𝑑𝜙ଵ
𝑑𝑥 ൅ 𝑐ଶ

𝑑𝜙ଶ
𝑑𝑥 െ 𝜙ଵ 𝑐ଵ𝑥 ൅ 𝑐ଶ𝑥ଶ 𝑑𝑥

ଵ

଴
ൌ െ න 𝜙ଵ𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝜙ଵ 1

න
𝑑𝜙ଶ
𝑑𝑥 𝑐ଵ

𝑑𝜙ଵ
𝑑𝑥 ൅ 𝑐ଶ

𝑑𝜙ଶ
𝑑𝑥 െ 𝜙ଶ 𝑐ଵ𝑥 ൅ 𝑐ଶ𝑥ଶ 𝑑𝑥

ଵ

଴
ൌ െ න 𝜙ଶ𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝜙ଶ 1  

𝑢 𝑥 ൌ 1.2905𝑥 ൅ −0.1511𝑥ଶ

𝐵 𝑤, 𝑢 ൌ 𝑙 𝑤 ⟹ න
𝑑𝑤
𝑑𝑥

𝑑𝑢
𝑑𝑥 െ 𝑤𝑢 𝑑𝑥

ଵ

଴
ൌ െ න 𝑤𝑥ଶ

ଵ

ଵ
𝑑𝑥 ൅ 𝑤 1

     
1
2 𝐵 𝑢, 𝑢 െ 𝑙 𝑢

ൌ
1
2

න
𝑑𝑢
𝑑𝑥

ଶ

െ 𝑢ଶ ൅ 2𝑥ଶ𝑢 𝑑𝑥
ଵ

଴
െ 𝑢 1
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Example:
𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴2 Parameter Approximation:

Galerkin’s Approximation: 𝑤 𝑥 ൌ 𝜙௜

𝜙଴ 0 ൌ 0      𝜙′଴ 1 ൌ 1
𝜙௜ 0 ൌ 0      𝜙′௜ 1 ൌ 1 ቋ ⇒ ൞

𝜙଴ 𝑥 ൌ 𝑥

𝜙ଵ 𝑥 ൌ 𝑥 2 െ 𝑥       𝜙ଶ 𝑥 ൌ 𝑥ଶ 1 െ
2
3 𝑥

𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴ ൌ 𝑐ଵ𝑥 2 െ 𝑥 ൅ 𝑐ଶ𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢 0 ൌ 0 𝑢′ 1 ൌ 1

𝑅 ൌ െ
𝑑ଶ𝑢
𝑑𝑥ଶ െ 𝑢 ൅ 𝑥ଶ ൌ െ 𝑐ଵ

𝑑ଶ𝜙ଵ
𝑑𝑥ଶ ൅ 𝑐ଶ

𝑑ଶ𝜙ଶ
𝑑𝑥ଶ ൅

𝑑ଶ𝜙଴
𝑑𝑥ଶ െ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴ ൅ 𝑥ଶ

න 𝜙ଵ𝑅 𝑑𝑥 ൌ 0
ଵ

଴

න 𝜙ଶ𝑅 𝑑𝑥 ൌ 0   ⇒
ଵ

଴

න 𝑥 2 െ 𝑥 𝑅 𝑑𝑥 ൌ 0
ଵ

଴

න 𝑥ଶ 1 െ
2
3 𝑥 𝑅 𝑑𝑥 ൌ 0

ଵ

଴

𝑢 𝑥 ൌ 0.1447𝑥 2 െ 𝑥 ൅ 0.0049𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥
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Example:

𝑢ோோ 𝑥 ൌ 1.2905𝑥 ൅ −0.1511𝑥ଶ

𝑢ீ 𝑥 ൌ 0.1447𝑥 2 െ 𝑥 ൅ 0.0049𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥
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𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴2 Parameter Approximation:
Petrov‐Galerkin’s Approximation: 𝑤 𝑥 ൌ 𝜓௜

𝜙଴ 0 ൌ 0      𝜙′଴ 1 ൌ 1
𝜙௜ 0 ൌ 0      𝜙′௜ 1 ൌ 1 ቋ ⇒ ൞

𝜙଴ 𝑥 ൌ 𝑥

𝜙ଵ 𝑥 ൌ 𝑥 2 െ 𝑥       𝜙ଶ 𝑥 ൌ 𝑥ଶ 1 െ
2
3 𝑥

𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴ ൌ 𝑐ଵ𝑥 2 െ 𝑥 ൅ 𝑐ଶ𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢′ 1 ൌ 1

න 𝜓ଵ𝑅 𝑑𝑥 ൌ 0
ଵ

଴

න 𝜓ଶ𝑅 𝑑𝑥 ൌ 0   ⇒
ଵ

଴

න 𝑥𝑅 𝑑𝑥 ൌ 0
ଵ

଴

න 𝑥ଶ𝑅 𝑑𝑥 ൌ 0
ଵ

଴

𝑢 𝑥 ൌ 0.1510𝑥 2 െ 𝑥 െ 0.022𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢 0 ൌ 0

Example:

𝜓ଵ ൌ 𝑥 𝜓ଶ ൌ  𝑥ଶNPTEL



Example:

𝑢ோோ 𝑥 ൌ 1.2905𝑥 ൅ −0.1511𝑥ଶ

𝑢ீ 𝑥 ൌ 0.1447𝑥 2 െ 𝑥 ൅ 0.0049𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢௉ீ 𝑥 ൌ 0.1510𝑥 2 െ 𝑥 െ 0.022𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥
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𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴2 Parameter Approximation:

Least Square Approximation: 𝑤 𝑥 ൌ 𝜓௜ ൌ డோ
డ௖೔ൗ

𝜙଴ 0 ൌ 0      𝜙′଴ 1 ൌ 1
𝜙௜ 0 ൌ 0      𝜙′௜ 1 ൌ 1 ቋ ⇒ ൞

𝜙଴ 𝑥 ൌ 𝑥

𝜙ଵ 𝑥 ൌ 𝑥 2 െ 𝑥       𝜙ଶ 𝑥 ൌ 𝑥ଶ 1 െ
2
3 𝑥

𝑢 𝑥 ൌ 𝑐ଵ𝜙ଵ ൅ 𝑐ଶ𝜙ଶ ൅ 𝜙଴ ൌ 𝑐ଵ𝑥 2 െ 𝑥 ൅ 𝑐ଶ𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢′ 1 ൌ 1

න 𝜓ଵ𝑅 𝑑𝑥 ൌ 0
ଵ

଴

න 𝜓ଶ𝑅 𝑑𝑥 ൌ 0
ଵ

଴

𝑢 𝑥 ൌ 0.13𝑥 2 െ 𝑥 െ 0.0499𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢 0 ൌ 0

Example:

𝜓ଵ ൌ డோ
డ௖భ

ൌ 2 െ 2𝑥 ൅ 𝑥ଶ 𝜓ଶ ൌ
𝜕𝑅
𝜕𝑐ଶ

ൌ െ2 ൅ 4𝑥 െ 𝑥ଶ ൅ 2 െ 2𝑥 ൅
2
3 𝑥ଷ
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Example:

𝑢ோோ 𝑥 ൌ 1.2905𝑥 ൅ −0.1511𝑥ଶ

𝑢ீ 𝑥 ൌ 0.1447𝑥 2 െ 𝑥 ൅ 0.0049𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢௉ீ 𝑥 ൌ 0.1510𝑥 2 െ 𝑥 െ 0.022𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥

𝑢௅ௌ 𝑥 ൌ 0.13𝑥 2 െ 𝑥 െ 0.0499𝑥ଶ 1 െ
2
3 𝑥 ൅ 𝑥
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