NPTEL ONLINE CERTIFICATION COURSES

FINITE ELEMENT METHOD

Biswanath Banerjee & Amit Shaw
Department of Civil Engineering, lIT Kharagpur

Module 03: Weighted Residual Method and 1D Bar Problem
Lecture 12 : Weighted Residual Method



Concepts Covered

Weighted Residual Methods
Galerkin Formulations
Petrov-Galerkin Method
Least Square Method
Collocation Method
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NPTEL ONLINE CERTIFICATION COURSES

FINITE ELEMENT METHOD

Biswanath Banerjee & Amit Shaw
Department of Civil Engineering, lIT Kharagpur

Module 03: Weighted Residual Method and 1D Bar Problem
Lecture 13 : Weighted Residual Method - Example



Concepts Covered

* Example Problem




——
Example:

Dirichlet’s BC Neumann’s BC

d*u du
. — — — 2 —_ = — = ! =
Solve: ( T2 U + x ) 0<x<1 u(0) =0 & u'() =1
_ 2 cos(1 — x) — sin(x)
Exact Solution: Ugxact(X) = os(D x% —2
n
n Parameter Approximation: u(x) = z cjpyt do
=1

2 Parameter Approximation: u(x) = 11 + 292 + P



——
Example:

2 Parameter Approximation: u(x) = c1¢1 + 22 + o u(0) =0 () =1
Rayleigh Ritz Approximation:

1

Weak Form: Bw,u) =1l(w) = f (d_wd_u_ Wu> dx = —J wx? dx + w(1)
1

Po=0 ¢1=x ¢=%"  u(x)=cyx + cyx2

w(x) = ¢; wx) =x w(x) =x?

Lid d d
L ( d¢;1 <C1 d(i‘l + Cy d¢;‘ ) ¢1(C1x + Cr X )) dx = j ¢1x dx + ¢1(1)

1/d d d
L(;}’:( d‘i1+ c, ddjc) P, (c1x + cyx ))dx— jqbzx dx + ¢,(1)




T ————

Example:

[ d¢1 d¢1 d(]52 1
¢, =1.2905 _ jo (dx ( dx 2 dx >_ Prlcrx + C2x2)> dx = —jl ¢1x* dx + $1(1)
¢, = -0.1511 1/d d d L

JO ( dqfc2 ( d(l)1 M d¢2> — ¢a(c1x + sz2)> dx = ——[1 d,x%dx + ¢, (1)

u
error= [tem—

Ul — 4.8 % 10~8

08" [t 2zl

u(x) = 1.2905x + -0.1511x?

dw du

1
Bw,u) = l(w) = f (——— Wu> dx = —j wx? dx + w(1)
1

Exact

RR

0.4

0.2

1
5 [B(u,u) — ()]

1 d 2
j (_u) —u? + 2x%u | dx —u(1)
0

dx




——
Example:

2 Parameter Approximation: u(x) = c1¢1 + 22 + o u(0) =0 (=1

Galerkin’s Approximation: w(x) = ¢;

Bo(0) =0 ¢'o(1) = 1} ) Polx) =x )
¢:(0)=0 ¢ (D=1 P1(x) =x(2=x) ¢(x) = x? (1 - §x>
u(x) = ¢y + a2 + Po = c1x(2 — x) + cyx? (1 — Ex) + x

3
d*u d2¢1 d2¢2 dz(f)o

R=—W—u+x2=—<C1W+Cz dx2 + dx2>_(cl¢1+cz¢2+¢°)+x2
1 1

1

2
fﬁblex:O f¢2Rdx=O =>jx(2—x)Rdx=0 Jx2<1—§x>Rdx:O
0 0 0 0

2
u(x) = 0.1447x(2 — x) + 0.0049x?2 (1 — §x> + x



Example:

1.2 I | | I I I 1
) 2
11 1 ug(x) =0.1447x(2 — x) + 0.0049x~ (1 — §x + x
08l errorz—““ﬂ"l':;;:]"‘m Il = 4.8x10%
upp(x) = 1.2905x + -0.1511x2
S 06 :::“ -
04f .
error= ||uEJ:(r.r:t_u(;|| s 19 X 10—03
| 1“51‘&(1‘. | ]




——
Example:

2 Parameter Approximation: u(x) = c1¢1 + 22 + o u(0)=0 v/'Q@) =1

Petrov-Galerkin’s Approximation: w(x) = ;

$o(0) =0 ¢'o(1) = 1} . $o(x) = x ,
$(0)=0 ¢ (D=1] Jp1(x)=22=x) ¢(x)=x (1 _§x)

2
u(x) = 11 + 202 + P = c1x(2 — %) + ¢ x? (1 - §X> + x

Y =x ¢2=x2

2 —
f‘ledX=0 fl/JZRdx=0 = Jdex:O ijdx_O
0
0 0 0

2
u(x) = 0.1510x(2 — x) — 0.022x? (1 — §x> + x



Example:

1-2 T T T T
1t E 2 2
ug(x) = 0.1447x(2 — x) + 0.0049x~ | 1 — §x + x
__|lugeact—ugr|| __ —03 2 2
08F error="—p—r— = 4.8 x 10 1 upe(x) = 0.1510x(2 —x) — 0.022x° | 1 — 3% + x
o8] N upg(x) = 1.2905x + -0.1511x2
0.4
error=7||u|"|5&”;;:|']” I =1.9x%x10%
0.2f
errorz—”“ﬂﬁ;_j’l’”" =2.4 % 1079
% 0.1 02 03 04 05 08 o7 08 09 1

X




——
Example:

2 Parameter Approximation: u(x) = c1¢1 + 22 + o u(0)=0 v/ =1
Least Square Approximation: w(x) = y; = aR/aci

$o(0) =0 ¢'o(1) = 1} . $o(x) = x ,
$(0)=0 ¢ (D=1] Jp1(x)=22=x) ¢(x)=x (1 _§x)

2
u(x) = c;pq + a2 + P = c1x(2 —x) + cyx? (1 — §x> + x

— R 5 oy 4 x2 Y =6—R=—2+4x—x2+2—2x+zx3
l'bl_acl_ xTXx 2" dc, 3

1 1

jwlex=0 ft/Jszx=0

0 0

2
u(x) = 0.13x(2 — x) — 0.0499x?2 (1 — §x> + x



Example:

1-2 1 1 1 1
2
— _ 2 - _
errorzw — 4.8 x 10793 ug(x) = 0.1447x(2 — x) + 0.0049x <1 SX> + x
1t ' 2
ez‘r()r:% =47 » J— upe(x) = 0.1510x(2 — x) — 0.022x2 <1 — §x> + x
2
0.8 - ceeet oy g(x) = 0.13x(2 —x) — 0.0499x2 (1 — §x> + x
S5 0.6+ —:T:
upr(x) = 1.2905x + -0.1511x2
0.4
error= 7““"7[‘;*73"’ | =1.9 %1079
0.2
error=4Emaurall _ 9 4 5 1003
| |uE.'r'r.'r-?‘ | |
% 01 02 03 04 05 06 07 08 09 1
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NPTEL ONLINE CERTIFICATION COURSES

FINITE ELEMENT METHOD

Biswanath Banerjee & Amit Shaw
Department of Civil Engineering, IIT Kharagpur

Module 03: Weighted Residual Method and 1D Bar Problem
Lecture 14 : Concept of Element and Axial Bar Problem



Concepts Covered

Axial Bar — Strong Form and Weak Form
Eigen Value Problem

Finite Elements Discretization
Elementwise Weak Form

Stiffness Matrix



Axial Bar: Strong Form

T Y
q(x) P
>—>—>—>—>—>—>> >y
e o R Botindary Conditions
Boundary Value Problem: _;_x[AE j—i] =4 w0) =0 [AEdz(;)]xL =P
Initial Value Problem: PAE;: = Bi: [AEa—H] =g u@,t) =0 [AEBM;’ t)]lL =P

Initial Condition:



Axial Bar: Weak Form

Weak Form
L d( d
f [——[AE—” —q]wdx=0
0 dx dx
du L
= f _w@)|AE2| 4 f qwiz=0 = Bw,u) = lw)
dx)._; Jo

Weak Form (dynamzc case : Semi — discrete form)

Ll 9%u o [ Em]
AT S - Z AEZ | —glwdx =0
j(.} [p ot  ox o0x q]w *

Lfo J L 0%u d
:>f [wAEu]dx+f wpA—- |dx — f qw dx —w(L)[AE u] =0
0 \ox ox ot? dx)._;







Axial Bar: Eigen Value Problem

4
u(x,t) = U(x)e™
e e s ol
A(x), E(x), M(x), L, w
d dU dU(x)
Eigen Value Problem: ci_x[AEE] +w?pAU =0 U(@0) =0 [AE e ] . =0
Weak Form
L( d du
f [[AE] + pAaJZU]w dx =0
0 \dx dx

L(d du L alu
= —f [ wAE ]dx+f prmQde +w(L)[AE—] ={J
0 \dx dx 0 dx )._;




. e —————

N——— q(x>)t ——
.
A(), E(), L, q(x)
X1 1 X X2 2 X3 X3
Q4o —p U Or <o 3 Q; ¢
1 2 2 3 3
u; =0 Up Us Us Usj
k1 e X2
Q) 4+—o o—p (>




4] e X2

L =L u—2¢(x)u = 9fus +psus
1 L, =(x-x) 2
Uq U

Elemental Weak Form

J‘I;_d - ( 1”1‘*“?’2”2]]
x \ dx dx

%2 de; d(}bi] . L[ b, d‘l}f’z]
=:»‘£1 AEd— “1dx+L y AEd— 2dx — qubzdx

X

—q|¢p;dx =0 fori = 1,2

—qm-(xu[AEd” +¢;<x2)[AEd ] =0

d x=X1 dx X=X
= B(ﬁbiffﬁ?l)“l +B(¢'h O2)uz = f(d;) — Pi(x1)Q(x1) — Pi(x2)Q(x2) fori = 1,2
= ZB”u} = fi- §]<pl(aa:j)¢:g,r fori =1,2

j=1
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NPTEL ONLINE CERTIFICATION COURSES

FINITE ELEMENT METHOD

Biswanath Banerjee & Amit Shaw
Department of Civil Engineering, IIT Kharagpur

Module 03: Weighted Residual Method and 1D Bar Problem
Lecture 15 : Axial Bar Problem



Concepts Covered

Finite Elements Discretization
Element stiffness Matrix
Global Stiffness Matrix
Solution
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Q4o —p U Or <o 3 Q; ¢
1 2 2 3 3
u; =0 Up Us Us Usj
k1 e X2
Q) 4+—o o—p (>
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NPTEL ONLINE CERTIFICATION COURSES

FINITE ELEMENT METHOD

Biswanath Banerjee & Amit Shaw
Department of Civil Engineering, IIT Kharagpur

Module 03: Weighted Residual Method and 1D Bar Problem
Lecture 16 : Axial Bar - Il



Concepts Covered

* Quadratic Shape Function
* Axial Bar Problem
* Eigen Value Problem
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Quadratic Lagrange Shape Function

}[1 2?]
Le‘ Le‘ U = Hl¢'1 + 1!2¢2 T ”3¢)3

e k X i X within element C? continuous
Py = g— =e— .
| L ’ interelement boundary C'
continuoits
l.{_;l}i] = 4A_l- —— i dl{ L i Fi ]
. L:Z L. E = U1 + Iigfpg =+ 1!3(‘?3
, 4 8x within element C continuous
Py o et
L L interelement boundary C°

continuous




Axial Bar: Eigen Value Problem

4
u(x,t) = U(x)e™
e e s ol
A(x), E(x), M(x), L, w
d dU dU(x)
Eigen Value Problem: ci_x[AEE] +w?pAU =0 U(@0) =0 [AE e ] . =0
Weak Form
L( d du
f [[AE] + pAaJZU]w dx =0
0 \dx dx

L(d du L alu
= —f [ wAE ]dx+f prmQde +w(L)[AE—] ={J
0 \dx dx 0 dx )._;




— 2 T L % Linear Shape Function

" shel 1 1 !
W, w, $i@® = - _ A

Iﬂ"w‘ff:l o ‘11’:-]1(1'] ditra (X
== = Wy + —

W(X) = P1(X)wq + Oa(X)ws W, = O1(X)wy + O5(X)ws

—_— LY

w(x) is C” continuous (at interelement boundary)

TWy=Tiy
Tirs =1t i'-'
[ — I
L
. . ®
\ 3
1 2
Lll:lf' . . a
ah s _ : Slope | = | discontinuity
w(x) is C* continuous (withtin the element ) "

{:i't interelement boundarip, i. e. C_]]

within elements C° continuous slope

w(x) is C' continuous function within the element but C° continuous at interelement boundary
dmwix) . ’ ! Sy 2 X 24 i

i) CY continuous function within the element but discontinuous or C™' at the interelement
S ¥

boundary

So, this element is C" element because it can give at least C" global continuity of the field variable
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